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Abstract 



We show that if a Finsler space is conformally automorphic to a Riemannian space 
and the automorphism is positively homogeneous with respect to tangent vectors, then 
the indicatrix of the Finsler space is a space of constant curvature. In this case, the 
Finslerian two- vector angle can explicitly be found, which gives rise to simple and explicit 
representation for the connection preserving the angle in the indicatrix-homogeneous case. 
The connection is metrical and the Finsler space is obtainable from the Riemannian space 
by means of the parallel deformation. Since also the transitivity of covariant derivative 
holds, in such Finsler spaces the metrical non-linear angle-preserving connection is the 
respective export of the metrical linear Riemannian connection. From the commutators 
of covariant derivatives the associated curvature tensor is found. In case of the J-"iS-space, 
the explicit example of the conformally automorphic transformation can be developed, 
which entails the explicit connection coefficients and the metric function of the Finsleroid 
type. 
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1. Motivation and description 



In any dimension N > 3 the Finsler metric function F geometrizes the tangent bundle 
TM over the base manifold M such that at each point x G M the tangent space T X M 
is endowed with the curvature tensor constructed from the respective Finslerian metric 
tensor g{ x }(y) by means of the conventional rule of the Riemannian geometry considering 
y to be the variable argument. There arises the Riemannian space 7Z{ X } = {g{ x }(y),T x M} 
supported by the point x G M such that T X M plays the role of the base manifold for the 
space. In the Riemannian limit of the Finsler space, the spaces 7Z{ X } are Euclidean spaces, 
so that the tensor g{ x }(y) is independent of y. The conformally flat structure of the spaces 
7Z{ X } can naturally be taken to treat as the next level of generality of the Finsler space. 
Can the metrical connection preserving the two-vector angle be introduced on that level? 

The deformation of the Riemannian space to the Finsler space proves to be convenient 
invention to apply. Namely, in the particular case when the Riemannian space can be 
deformated to the Finsler space characterized by the conformally flat structure of the 
spaces 7Z{ X } the positive and clear answer to the above question can be arrived at. 

Given an N- dimensional Riemannian space 1Z N = (M,S), where S denotes the 
Riemannian metric function, one may endeavor to obtain a Finsler space J rN = (M, F) 
by applying an appropriate deformation C of the space 1Z N . The notation F stands for 
the Finsler metric function. The base manifold M is keeping the same for both the spaces, 
7l N and T N . 

We assume that the transformation C is restrictive, in the sense that no point x G M 
is shifted under the transformation, so that in each tangent space T X M the deformation 
maps tangent vectors y G T X M into the tangent vectors of the same T X M: 

y = C(x,y), y,yeT x M. (1.1) 

In general, this transformation is non-linear with respect to y. Non-singularity and suffi- 
cient smoothness are always implied. 

We may evidence in the Riemannian space 1Z N the metrical linear Riemannian con- 
nection TIC, which in terms of local coordinates {x 1 } introduced in M is given by 

TZC = {L m j,L m ij} : L m j = —a m ijy l , L m ,ij = a m ij, (1-2) 

with a m ij = a m ij(x) standing for the Christoffel symbols constructed from the Riemannian 
metric tensor a mn (x) of the space TZ N . The indices i,j,--- are specified on the range 
(1, . . . , N). The respective covariant derivative V can be introduced in the natural way, 
namely by means of the definition (4.18) which uses the operator 

to act on tensors considered on the tangent bundle underlined the space TZ N . In the space, 
the scalar product (yi,y2)^X n — o- mn {x)y r [ l y2 of two vectors 3/1,3/2 supported by a fixed 
point 1 6 Mis linear with respect to each vector, which gives rise to the profound meaning 
of the connection (1.2) to preserve the product under the entailed parallel transports of 
the entered vectors along curves running on M. 

In the Finsler space, the scalar product is essentially non-linear object with respect 
to the entered vectors, so that we may hope to meet similar preservation property in the 
Finslerian domains if only we apply the connection which is non-linear, in the sense that 
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the involved connection coefficients depend on tangent vectors y in non-linear way. With 
this hope, we need the metrical non-linear Finsler connection FAf, such that 

FN={N m v D m t] } : N m j = iV™(x,y), D m tj = D m l3 (x,y). (1.4) 

The adjective "metrical" means that the action of the entailed covariant derivative T> on 
the Finsler metric function, and also on the Finsler metric tensor, yields identically zero. 
The coefficients N m j and D m ^ are assumed to be positively homogeneous regarding the 
dependence on vectors y, respectively of degree 1 and degree 0. 

Accordingly, the most important object what should be lifted from the Riemannian to 
Finslerian space is the two- vector angle, to be denoted by a{ x y(yi, 1/2), where y±, y 2 G T X M. 
Like to the Riemannian geometry proper, the underlined idea is to measure the angle by 
means of length of the respective geodesic arcs evidenced on the indicatrix. 

The Finsler space endows the vector pair y±,y 2 with the scalar product 

{yi,V2) {x} = F(x,y 1 )F(x,y 2 )a {x} (y 1 ,y 2 ) 

on analogy of the Riemannian geometry. 
The non-linear deformation 

FN = C-1l£ (1.5) 

of the Riemannian connection may exist to yield the Finsler connection TM which pre- 
serves the Finslerian two- vector angle a^ x y(y±, y 2 ) under the associated parallel transports 
of the vectors yi,y 2 - 

In the theory of Finsler spaces, the key objects, the connection included, were in- 
troduced and studied on the basis of various convenient sets of axioms (see [1-5] and 
references therein). Regarding the significance of the angle notion, the important farther 
step was made in [6] were in processes of studying implications of the two-vector angle 
defined by area, the theorem was proved which states that a diffeomorphism between two 
Finsler spaces is an isometry iff it keeps the angle. This Tamassy's theorem substantiates 
the idea to develop the Finsler connection from the Finsler two-vector angle, possibly on 
the analogy of the Riemannian geometry. 

To meet new methods of applications, the interesting chain of linear connections was 
introduced and studied in [3]. It was emphasized that in the Riemannian geometry we 
have naturally the metrical and linear connection. We depart from this connection to 
develop the Finsler connection. 

Namely, we shall confine our attention to the case when the space F N is obtainable 
from the space 1Z N by means of the conformal automorphism, according to the definition 
(2.1) of Section 2. We shall also assume that under the used transformations the Finslerian 
indicatrix XT ^ G T X M and the Riemannian sphere S{ x y G T X M are in correspondence 
(according to (2.2)). 

Additionally, we subject the C-transformations to the condition of positive homo- 
geneity with respect to tangent vectors y, denoting the degree of homogeneity by H. We 
call the H the degree of conformal automorphism. 

Remarkably, such Finsler spaces of dimensions N > 3 can be characterized by the 
condition that the indicatrix is a space of constant curvature (see Proposition 2.1). The 
indicatrix curvature value Cj n d. is the square of the degree of conformal automorphism, 
that is, 

Cmd. = H 2 (1.6) 
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(indicated in (2.3)). The condition has been realized, the Finslerian two-vector angle 
a {x}{yi, IJ2) proves to be a factor of the angle <y^ m (yi, y 2 ) operative traditionally in the 
Riemannian space, namely the simple equality 



« W (yi,y 2 ) = j^-raf^( yi ,y 2 ) (1.7) 



(see (2.31)-(2.32)) is obtained. 
The equality 



S(x,y) = (F(x,y)) H 



(see (2.10)) is arisen, which validates the indicatrix correspondence principle (2.2). 

We set forth the conventional requirement of preservation of the Finsler metric func- 
tion F(x,y), namely 

diF = (1.9) 

with 



d* = — + N\{x )y ) — . (1.10) 



^ _l_ N k ( x ) ^ 

dx l % ' dy k 

With the definition 

Vy n := dy n - N n j (x,y)dx j (1.11) 



of covariant displacement of the tangent vector, the parallel transport of the vector means 
the vanishing 

Vy n = 0. (1.12) 

We apply this observation to the two- vector angle a^ x y(yi, 2/2): the coefficients 
N k i(x,y) fulfill the angle preservation equation 

d i a {x} (y 1 ,y 2 ) = 0, y u y 2 eT x M (1.13) 

under the parallel displacements of the entered vectors y± and y 2 , if the involved operator 
di is taken to read 

d t = — + N k l (x,y 1 )- J + N^x^—r. (1.14) 



ox ay\ ay 
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The N k i(x,y) thus appeared can naturally be interpreted as the coefficients of the non- 
linear connection produced by angle. 

In this way we fulfill the canonical geometrical principle: the angle a^ x y(yi, y 2 ) formed 
by two vectors y\ and y 2 is left unchanged under the parallel displacements of the vectors 
yi and y 2 , namely Va = {dx l )diOi = 0, for diet = 0. 

In general the indicatrix curvature value Ci n d. may depend on the points x G M. We 
say that the space F N is indicatrix-homogeneous, if the value is a constant. In view of the 
result Cind. = H 2 (indicated in (2.3)), such spaces can be characterized by the condition 
that the degree H of conformal automorphism is independent of x. 

It proves that in the indicatrix-homogeneous case of the studied space T N the equa- 
tions (1.13)-(1.14) can explicitly be solved for the coefficients N k j (see Proposition 2.2 and 
Note placed thereafter in Section 2). 

From the obtained coefficients N k m given by (2.36), the entailed coefficients 



BN k , 8N k 

dy n i)y 
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can straightforwardly be evaluated (Section 3). Let us use the coefficients to construct the 
covariant derivative T> m g n j of the Finsler metric tensor g n j = g n j(x,y) of the considered 
space J 7 ^, namely 

T-^m9nj • d rn g n j -\- N rnjdkn N mnQkji (1'16) 

where d m is given by (1.10). It proves that the covariant derivative introduced by (1.16) 
with the coefficients N k m given by (2.36) possesses the property 

V m g nj = (1.17) 

in the indicatrix-homogeneous case. The property can be verified by straightforward 
substitutions which result in the vanishing 

y k N k mnj = (1.18) 

(see Proposition 3.1). 

It is amazing but the fact that the last vanishing is an implication of the identity 
U k Cknj = shown by the Cartan tensor Ck n j = (l/tydgkn/dy 3 '■ Indeed, additional evalu- 
ation leads to the result 

N rnnj nj (l - -^) 

in the indicatrix-homogeneous case (see Proposition 3.2), where 

T^mC k n j '■— d m C k n j — N k rnt C t n j + N t mn C k tj + N t rn jC k n t- (1-20) 
The coefficients Nk mn j = gkhN h mn j can be written as 

and, therefore, they are symmetric with respect to the subscripts k,n,j. 
Thus, with the identification 

D k m (x,y) = -N k m (x,y), (1.22) 

in the Finsler space F N of the indicatrix-homogeneous type (that is, when H = const) the 
metrical angle-preserving connection (1.4) is given by the coefficients {N k ,D k i n } found 
explicitly. Recollecting the assumed homogeneity of the coefficients, from (1.22) we infer 
the equality 

D k im y m = -N k t . (1.23) 

Realizing the C-transformation locally by y l = y l (x,t) with t n = y n (see (2.11)) and 
applying the Riemannian operator 

rRiem 9 k h d 

di -^- aiht dT k 

(cf. (1.3)) to the field y l (x,t), it is possible to conclude that 

(see (2.47)). This representation of the coefficients N n i possesses a clear geometrical and 
tensorial meaning and is alternative (and equivalent) to the representation (2.36). The 
derivation of the representation (1.24) uses the formula (1.23). 
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According to Proposition 2.3, the Finsler space J- N of the indicatrix-homogeneous 
type is obtained from the Riemannian space 1Z N by means of the parallel deformation. 

Since also the transitivity of covariant derivative holds, namely V n t % = (see (2.39)), 
and g kh = C™C%a mn (see (2.25)), we should conclude that in the Finsler space F N of the 
indicatrix-homogeneous type the metrical angle-preserving connection is the C-export of 
the metrical linear Riemannian connection (1.2) applied conventionally in the background 
Riemannian space 1Z N . 

In Section 4 we perform the attentive comparison between the commutators of the in- 
volved Finsler covariant derivative V and the commutators of the underlined Riemannian 
covariant derivative V, assuming H = const. By this method, we derive the associated 
curvature tensor p fc %-. The skew-symmetry p mnij = -p nmij = -p mnji holds. The co- 
variant derivative T>i of the tensor fulfills the cyclic identity, completely similar to the 
Riemannian case in which the cyclic identity is valid for the derivative Via k n ij of the 
Riemannian curvature tensor a k n ij. The tensor M n ^ = —y k p k n %j proves to be transitive 
to the Riemannian tensor — y^t h ahij, namely the equality M 11 ^ = —y^t h ahij holds. The 
very tensor p k n ij is not transitive to the Riemannian precursor ah m ij, instead the more 
general equality 



is obtained. We observe that the difference between the curvature tensor p k n ij and the 
transitive term ym a h m ijt k is proportional to (1 — H). Squaring the tensor yields the sum 



which is the J-^-extension of the Riemannian term a fcmj a kn ij. The difference p knij p knij - 
a kn ^aknij is proportional to (H~ 2 — 1). 

In Section 5 we develop an explicit and attractive particular case, namely we present 
the explicit example (5.27) of the conformally automorphic transformation (2.1), special- 
izing the Finsler space to be the J-\S-space. The space is endowed with the Finsler metric 
function F which is constructed from a Riemannian metric function S = a i j{x)y t y^ and 
an 1-form b = bi(x)y l according to the functional dependence 



where $ is a sufficiently smooth scalar function. In step-by-step way, we derive the 
coefficients N m i specified by (2.36), obtaining the explicit representation (5.72)-(5.75). 
It proves that the suitability of the proposed transformation (5.27) imposes the se- 
vere restriction on the Finsler metric function, namely the function must be of the 
Finsleroid type (described in [7]). In the restricted case which implies independence 
of the function $ (x; b, S, y) of x, assuming also that the Riemannian norm of the 1-form 
b is a constant, the obtained coefficients N m i straightforwardly entail the vanishing set 
V n F = V n yj = V n gij = (see (5.96)-(5.98)), together with the angle preservation (1.13). 
Simplifying coefficients N m i culminates in the representation (5.102). The initial trans- 
formation (5.27) reduces to (5.106), for it proves possible to find explicitly the involved 
functions g and /i. 

In Conclusions, Section 6, we emphasize several important ideas. 

In Appendices A-E we present the explicit evaluations which are required to verify 
the validity of the formulated propositions. 




(1 - H)j(l k 5l ~ l n g mk )M m l3 + yla^iA 





(1.25) 
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2. Main observations 

Below, any dimension N > 3 is allowable. 

Let M be an N- dimensional C°° differentiable manifold, T X M denote the tangent 
space to M at a point x G M, and y G T x M\0 mean tangent vectors. Suppose we are 
given on the tangent bundle TM a Riemannian metric S. Denote by TZ N = (M, S) the 
obtained iV-dimensional Riemannian space. Let additionally a Finsler metric function F 
be introduced on this TM, yielding a Finsler space F N = (M,F). We shall study the 
Finsler space F N specified according to the following definition. 

INPUT DEFINITION. The space F N is conformally automorphic to the Riemannian 
space 1Z N : 

jrN = c . n N ( 21 ) 

such that in each tangent space T X M the C-automorphism transforms conformally the 
metric produced by the Finsler metric to the Euclidean metric entailed by the Riemannian 
metric. It is assumed that the applied C-transformations do not influence any point x G M 
of the base manifold M and that they are invertible. It is also natural to require that the 
C-transformations send unit vectors to unit vectors: 

2^"{x} = C ■ S{ x y. (2.2) 

Additionally, we subject the C-transformations to the condition of positive homogeneity 
with respect to tangent vectors y, denoting the degree of homogeneity by H. We call the 
H the degree of conformal automorphism. 

The existence of such spaces is explained by the following proposition. 

Proposition 2.1. A Finsler space is of the claimed type F N if and only if the 
indicatrix of the Finsler space is a space of constant curvature. Denoting the indicatrix 
curvature value by Ci n d. , the equality 

C Ind . =H 2 , H> 0, (2.3) 

is obtained. The relevant conformal multiplier is given by p 2 with 

p = If 1 -" (2.4) 

The proposition is of the local meaning in both the base manifold and the tangent 
space. The validity of the proposition can be verified by simple straightforward evaluations 
(which are presented in Appendix A). 

The value C\ n ± may vary from point to point of the manifold M, so that in general 
H = H(x). 

We take C Ind . > 0. Extension of the proposition to negative value of Ci nd . would be 
a straightforward task. 

On every punctured tangent space T x M\0, the Finsler metric function F is assumed 
to be positive, and also positively homogeneous of degree 1: 



F(x,ky) = kF(x,y), k > 0,\/y. 



(2.5) 
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Therefore, the conformal factor p 2 = (F 1_H /iJ) 2 possesses this kind of homogeneity with 
degree 2(1 — H). For a given function F we can construct the covariant tangent vector 
y — {yi} and the Finslerian metric tensor {<?y} in the ordinary way: 

IdF 2 1 8 2 F 2 d Vi 

Vi '~ 2 9^' 9ij '~ 2 dyidyi ~ dy*' 

The contravariant tensor {g lj } defined by the reciprocity conditions gijg jk = 5 k , where S 

stands for the Kronecker symbol. 

Let the C-transformation (2.1) be assigned locally by means of the diflerentiable 
functions 

y m = y m (x,y), (2.6) 

subject to the required homogeneity 

y m (x,ky) = k H y m (x,y), k > 0, Vy. (2.7) 

This entails the identity 

y fe V = Hy m , (2.8) 

where y™ = dy m /dy k . Fulfilling the conformal automorphism (2.1) means locally 

g mn (x, y) = Cij(x, y)y l m y 3 n , c i5 = p 2 a i:j (x). (2.9) 

Contracting the g mn by y m y n and noting the involved homogeneity together with the 
value (2.4) of p, we get the equality 

S(x,y) = (F(x,y)f , (2.10) 



where S = \J a mn (x)y m y n . 
Denote by 

yWOM), t n = y\ (2.11) 
the inverse transformation, so that 

y i (x,kt) = k 1/H y i (x,t), A;>0,Vt, (2.12) 

and 

y l rP = \v\ (2.13) 

where y l n = dy l /dt n . The inverse to (2.9) reads: 

gkhViVn = Cmn- (2.14) 

The following useful relations can readily be arrived at: 



VmVn 



HS 2 H 

and 



t n = ^-F 2 ^- H h n , t n = a nh t\ (2.15) 



VmVZft + 9m 3 y'n = 2 (1 - l) F~ 2H y^ n + ±F 2 ^a nh t^ 
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where t l j = y^y^i = dy™/dy l . Alternatively, 



t h t h n = ^y n = HF^y n (2.16) 



and 

tht h nu V? + ahit h n = 2(H - l)F-H t y n + HF 2 ^g nu yl (2.17) 
where t^ u = dt^/dy u . We may also write 

t h t h ni + H 2 F 2 ^g m = 2(H - l)F- 2 HF^ H -%y n + HF^g ni , 

or 

t h t h ni = if (1 - H)F 2{ - H - l \g m - 2l n U). (2.18) 



From (2.14) it follows that g n myT — P ti a 



ij- 



Differentiating (2.9) with respect to y k yields the following representation for the 
Cartan tensor C mnk = (l/2)dg mn /dy k : 

2C mnk = (1 - H)h k g mn + V \t mk i? n + rjU)a, r (2.19) 
Contracting this tensor by y n results in the equality 

pH^Oij = (Jj - lj (h km - l k l m ), (2.20) 

where the vanishing C mnk y n = and the homogeneity identity (2.8) have been taken into 
account. 

Symmetry of the tensor C mnk demands 

(1 - H)j(l k g mn - l m g kn ) + p 2 (C4 - 44nK- = 0, (2.21) 
so that we may alternatively write 

Cmnk = (1 — H) — {l k g mn + l n g m k — lm9nk) + P 2 t m tnk a ij- (2.22) 
r 

Contracting the last tensor by g nk yields 

2 

-H) 

from which it ensues that 



2C m = (1 - H)-l m + g nk p 2 {t l nk t 3 m + t n tl k ) aij = 2C mnk g n \ 



or 



2C m = (1 - H)jl m + 2g nk V 2 e nk V m a l3 + g nk V \?J mk - tj nk )a^ 



2 2 
2C m = (1 - H)-l m + 2g nk pH l nk t 3 m a i3 - (1 - H)g nk -(l m g nk - l n g mk )a ir 
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It is also convenient to use the representation 

FC m = —(N - 2)(1 - H)l m + Fg nk p% k tla ir (2.23) 

The space J rN is obtainable from the Riemannian space TZ N by means of the deforma- 
tion (1.1) which, owing to (2.2) and (2.9), can be presented by the conformal deformation 
tensor 

C :=P0T, (2-24) 

so that 

9kh = C™C-h a mn- (2.25) 

The zero-degree homogeneity 

C™(x,ky)=C™(x,y), fc>0,Vy, (2.26) 

holds, together with 

C™y n = F l ~ H y m . (2.27) 



The indicatrix correspondence (2.2) is a direct implication of the equality S = F H 
(see (2.10)). We may apply the considered transformation (2.6) to the unit vectors: 

l = C-L: ? = y i {x,L)\ L = C' 1 • / : I7 = f(x,0, (2.28) 

where l l = y l /F(x,y) and L l = t l /S(x,t) are components of the respective Finslerian and 
Riemannian unit vectors, which possess the properties F(x,l) = 1 and S(x,L) = 1. We 
have L m = t m (x, I). On the other hand, from (2.4) and (2.9) it just follows that 

g mn (x, I) = -^aij(x)t l m (x, l)t J n (x, I), (2.29) 
so that under the transformation (2.28) we have 



g mn (x, l)dl m dl n = ^ aij {x)dUdU. (2.30) 

No support vector enters the right-hand part in the previous equality (2.30). There- 
fore, any two nonzero tangent vectors yi,j/2 £ T X M in a fixed tangent space T X M form 
the J 7 N -space angle 

a {x} (y 1 ,y 2 ) = arccosA, (2.31) 

where the scalar 

n (r\t m t n 

A = mr fl 1 2 , with C = *"(*,!/!) and = rfoifc), (2.32) 
is of the entire Riemannian meaning in the space 72.^; the notation 

Si = a/ a mn (^)^r^l) 5*2 = a/ am.n(x)t™^2 

has been used. 
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From (2.32) it follows that 



9X Q"mn,ik\ t 2 I 



""' 1 dx* 2+1 cfe* 



5^! 



.f m f n _|_ O n 1 f n 1 _|_ 



dx i 



where a mnji = da mn /dx\ and 



dX 
dy\ 



S1S2 S\Si 



X 



S2S2 



dX 
dy\ 



u mn,t^2 h 2 ' u r 



dtl 



dx 



Or, 



l mn L 2 



S2S1 S2S2 



J 2k- 



Let the coefficients N k i be subjected to the equation 



diX = 0, 

where di is the operator (1.10). 

It is possible to establish the validity of the following proposition. 



(2.33) 



(2.34) 



(2.35) 



Proposition 2.2. When diF = and H = const, the equation (2.35) can be solved 
for the coefficients N m n , yielding 



N m n = -y\ 



dt i 
dx n 



+ o,\ n t k 



(2.36) 



See Appendix B. 

In (2.36), the a l k n = a l kn(x) are the Christoffel symbols 

i 1 ihf 9dhk dahn _ 9(lkn 

akn ~2 a \~dx^ + ^~~dx T 
of the Riemannian space 1Z N . 



(2.37) 



Note. When H = const, from (2.31) it just follows that the angle a{ x y(yi, 1/2) fulfills 
the vanishing which is completely similar to (2.35), namely the vanishing (1.13) claimed 
in Section I. 

With the covariant derivative 

Vj :=d n t + a\ n t k (2.38) 

the representation (2.36) can be interpreted as the manifestation of the transitivity 

Vj = (2.39) 

of the connection under the conformal automorphism (2.1). 

By differentiating (2.39) with respect to y m we may conclude that the covariant 
derivative 

^nC := d n t l m — D h nm t l h + a l n it l m , D h nm = —N h nm , (2.40) 



11 



vanishes identically: 

Vj m = 0. (2.41) 
Since y%t k = <5™, the previous identity can be transformed to 

which can be interpreted as the covatiant derivative vanishing: 

Vivl = 0- (2.43) 

This formula entails 

V iV n = (2.44) 

(because of (2.39)), where 

V iV n :=df™y n + D n ls y s . (2.45) 

Here, y n mean the functions y n (x,t) introduced by (2.11). We have used the Riemannian 
operator 

€™ = ^ + L k ^, L\ = -a\ h t h (2.46) 

(cf. (1.3)). 

Since D n is y s = —N n i, from (2.44)-(2.45) we may conclude that the representation 

N\ = df ic ™y n = + y n h L\ (2.47) 

is valid which is alternative to (2.36). 
Let us verify (2.42). We have 

/ dt k 

= Vl [g± + N' Aj - D\ jt l + a k u t' } 



Contracting this by y^ yields 



dv n f)t h 

f| — m I 7/ TO 7,i 7,™ N h t k 4- D n ■ i/i —n n n k - 

8x i ^ (9x* ^ m ^ fc ^ l hj+ LJ tjVm Vk a !»■ 

Take N h i from (2.36): 

dv n dt h { dt l \ 

This vanishing is tantamount to the considered (2.42), for y^y^yf^j = — Vmi- 

Owing to the equalities (2.4), (2.24), and (2.43), we are entitled to formulate the 
following proposition. 

Proposition 2.3. When d { F = and H = const, the deformation tensor (2.24) is 
parallel 

V n Ct = 0, (2.48) 
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where 

V n C? = d n C? - D h nk CJ? + a m nl C l k . (2.49) 

With these observations, it is possible to develop a direct method to induce the 
connection in the Finsler space J- N from the metrical linear Riemannian connection (1.2) 
meaningful in the background Riemannian space TZ N . 

The coefficients N k i(x,y) can also be obtained by means of the transitivity map 

{N\} = C ■ {L\}. (2.50) 

Indeed, with an arbitrary differentiable scalar w(x,y), we can apply the transforma- 
tion {y 1 = y 1 (x,t), t n = y n } indicated in (2.11) and consider the C-transform 

dW Ow 

W(x,t) = w(x,y), which entails — = y k n -^ , (2.51) 
thereafter postulating that the C-transformation is covariantly transitive, namely 

^ +Nk ^y^) w ^= {p +Lk ^w) w{Xit) - (2 - 52) 

Since the field w is arbitrary, the last equality is fulfilled if and only if 

N\ = df^y k ee 8 -y^ + y\L\. (2.53) 

This is the representation which is required to realize the map (2.50). We have again 
arrived at the coefficients (2.47). 

With the knowledge of the coefficients N k i(x,y), we can use the formulas (2.40) 
and (2.41) to express the Finslerian connection coefficients D h nm through the Rieman- 
nian Christoffel symbols a\i. Thus we have induced the connection in the Finsler space 
F N from the metrical linear Riemannian connection (1.2) meaningful in the background 
Riemannian space 1Z N . 

It can readily be noted that the transitivity property (2.52) can straightforwardly be 
extended to scalars dependent on two vectors. Namely, if 

W(x,t 1 ,t 2 ) = w(x, yi ,y 2 ), (2.54) 

then 



where N k t = N k i (x,y 1 ), N k t = N k i(x,y 2 ), L k u = L k t (x,h), L k 2i = L k t (x,t 2 ). 

3. Properties of connection coefficients 

The derivative coefficients (1.15) can straightforwardly be evaluated from (2.36). We 
obtain explicitly 

dt s Bt s 
N k mn = -y k l t l n T^-y k Tl m with = — + a s mh t h , T* m = ^- + a s mh t h n , (3.1) 
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which entails the contractions 
Vk 



N k mn = - (2 (1 - l) F- 2H y n t s + ±F 2 ^a sh t h n - g ln y l }j T m - -^t s T^ m (3.2) 



and 



y k N k mn + g ln N l m = -(2(^-1) F- 2H y n t s + L F 2 ^a sh t^j T m - -^t s T^ 



together with 

Vk-N mni ~t~ Qki-N m n QlnN mi ~\~ 2C; n jiV r 



= -{jj- 1 ) 2F ' 2H i(9m ~ 2Hl n l t )t s + (y n a sl t\ + yi a sl t l n )] T m - ^F 2 ^ >a sh t h ni T m 
- (2 (1 - l) F- 2H y n t s + ±F 2 ^a sh t^ T° m 

- ( 2 (1 - l) ir*"^ + ±F 2 ^a sh tt) T„V - ±F 2 ^h s (|| + a° mh t^ . 

(3.3) 

The attentive calculation of the entered terms (carried out in Appendix C) leads to the 
following remarkable result. 

Proposition 3.1. If the coefficients N k m are taking according to Proposition 2.2, 
then the vanishing ykN k mn j = holds identically. 

In performing involved calculation it is necessary to note that in view of (2.15) and 
(2.36), we can write 

d F = — + N k — = — + N k l h = — - —F 2 ^- H H T s 
m dx m+ n dy k dx m+ nk dx™ FH 

so that, because of d m F = 0, the equality 

J_ F 2(l-H) f rps ( o 4 ) 

is valid. 

It is also possible to evaluate the covariant derivative T> m C k n j (see (1.20)), using the 
equality d m g hn = -N^ng^ - N l mn g t h entailed by the metricity (1.16). This way leads 
to the following result. 

Proposition 3.2. The representation N k mn j = —V m C k n j is valid, whenever d m F = 
and H = const. 

Proof of this proposition can be arrived at during a long chain of straightforward 
substitutions (see Appendix D). 
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4. Entailed curvature tensor 



Throughout the present section we assume that H = const. Given a tensor w n k = 
w n k (x,y) of the tensorial type (1,1), commuting the covariant derivative 

V lW n k := diW n k + D n ih w h k — D h ik w n h (4.1) 

yields the equality 

[D-Dj - V,V t ] w n k = M\^- - E k h ijW n h + E h n ijW h k (4.2) 

with the tensors 

M n ij :=d i N n j -d j N n i (4.3) 

and 

E k n ij := diD n j k — djD n ik + D m j k D n im — D m ik D n j m . (4.4) 

When the choice D k in = —N k in is made (cf. (1.23)), the tensor (4.3) can be written 
in the form 

dN n ■ dN n - 

M\j = -q^--^T- ^ V + N h jD\ h . (4.5) 

By applying the commutation rule (4.2) to the particular choices {F,y n ,y k , g nk } and 
noting the vanishing \T>iF = T>iy n = Viy k = T>ig nk = 0}, we obtain the identities 

y n M n ij = 0, y k E k n l3 = -M\, y n E k n ij = M kij , (4.6) 

and 

^ 1 dy 

Emnij + E nm ij = 2C mn hM ij With C rnn h = — ^ h • (4-7) 

Differentiating (4.5) with respect to y k and using the equality = —D^ ik y k yield 

dM n a 
dy k 

The cyclic identity 

V k M n tJ + VjM n ki + V t M n jk = (4.9) 

is valid, where 

V k M n tj = d k M n i3 + D n kt M\ 3 - a s kl M n sj - a s k] M n is . (4.10) 

It proves pertinent to replace in the commutator (4.2) the partial derivative dw n k /dy h 
by the definition 

S h w\ : =^-± + C n hk w h k -C m hk w n m (4.11) 

which has the meaning of the covariant derivative in the tangent space supported by the 
point x G M. In particular, 



= —zf- (4-8) 
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With the curvature tensor 

Pk H ij := Ek n ij - M h ij C n hk , (4.12) 
the commutator (4.2) takes on the form 

(ViVj - VjVi) w n k = M\ 3 S h w n k - p k h tJ w\ + p h n ijW h k . (4.13) 
We denote p knij = g mn p k m ij- The skew-symmetry 

= -Pnmij ( 4 - 14 ) 

holds (cf. (4.7)). The tensor obeys also the cyclic identity 

ViPk n V + V iPk n ii + ^iPk n ji = 0, (4.15) 

where 

v iPk n i3 = dip k n ij + D n H p k t ij - D^kp^ij - a s u p k n sj - a s ijp k n is . 

Let us realize the action of the C-transformation (2.1)-(2.2) on tensors by the help 
of the transitivity rule, that is, 

{w n m (x,y)} = C ■ {W n m (x,t)} : w n m = y n h V m W h (4.16) 

where W n m is a tensor of type (1,1). The metrical linear connection TZC introduced by 
(1.2) may be used to define the covariant derivative V in 1Z according to the conventional 
rule: 

f)W n f)W n 

V ^" m = + Lki ~l^ + - L h mi W n h , (4.17) 
which can be written shortly with the help of the operator df iem defined by (1.3), namely 

V l W n m = alf iem W n m + L n hl W h m - L h mi W n h . (4.18) 

We have 

ViS = 0, V lV j = 0, Via mn = 0. (4.19) 

Due to the nullifications T> i yy l = and T>$> = (see (2.39) and (2.43)), we have the 
transitivity property 

Vm = »W^ (4.20) 

for the covariant derivatives. 
In the commutator 

f)W n 

[V i V j - VjVi] W n k = -y m a m \ 3 -^- - a k h ijW n h + a h n l3 W h k (4.21) 

the associated Riemannian curvature tensor is constructed in the ordinary way 

i _ da\ m _ da l nk , _ { 

u n km Qx^ dx m nm u uk 11 nk 11 um- K^-^^l 

With the ordinary Riemannian covariant derivative 
da * 

VfcCl/j ij = ~~Q^ k l~ a ku a h ij a kh a u ij a ki a h uj a kj a h iui (4.23) 
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the cyclic identity 

V fc a m %- + V jam n ki + Via m n jk = (4.24) 

holds. 

Under these conditions, by comparing the Finslerian commutator (4.13) with the 
Riemannian precursor (4.21), we obtain 

M n tJ = -y n t t h a h \ 3 - (4.25) 

and 

Ek n a = vXmM^ + y n m a h m tJ tt (4.26) 

together with 

n n _ („,n + h (~m \ -\/rm , „.n rn ±h 

Pk ij — \yh l km ~ ° mk) Jyj- ij + y m a h ifik- 

Inserting here the tensor C n m k taken from (2.22) and noting the vanishing l m M m ij = 
(see (4.6)), we get 

Pk\ = (vA ~ (1 - H)^{l k 5 n m + r 9mk ) - p 2 t l m t h rk a lh g^ M™ - + y n m a h m l3 t h k . 

Let us lower here the index n and use the equality g nm yT = P 2 ^n a ij (ensued from 
(2.14)). This yields 

Pknij = [v 2 t l n t h km a lh - (1 - H)^(l k g mn + l n g mk ) - p 2 t l m t h nk a lh ^ M m - + p 2 : a ml t l n a h m l3 t h k . 
Next, we use here the skew-symmetry relation (2.21), obtaining 

p knij = ^(1 — H) — (l n g mk — l m 9kn) — (1 — H) — (l k g mn + l n g m k)^ M m i3 - + p 2 a ml t l n ah m ijt kl 



or 

Pknij = -(! " H)-{l k M nij - l n M kij ) + p 2 a hHj t h k t l n , (4.27) 

where a^ij = aird^ij- Finally, we return the index n to the upper position, arriving at 

P k n ij = "(1 " H)^{k5 n m - l n g m k)M m l3 + y» a fc Vfc- (4-28) 
The totally contravariant representation 

„fcnij _ pk mi nj „ n 
y — y u u fj p mn 

reads 

pknij = _/j _ mhlk M nij _ in M kij^ + J_ J| yrij" (439) 

where a ft "^' = a w a mi a nj 'a, r mn and M m ^' = 8 t! fl"W" to . 
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Similarly, we can conclude from (4.25) that the tensor 

M n ij g nm M jj 

reads 

M nij = -pH h t™a hmiJ . (4.30) 

Squaring yields 

M ni m nij = pH l ar j t h a hntJ . (4.31) 

From the representations (4.27) and (4.30) it follows directly that the cyclic identities 
(4.9) and (4.15) are consequences of the Riemannian cyclic identity (4.24), for T)\F = 
Vih = Vit h k = T>ip = Vtt m = 0. 

Now we square the p-tensor: 

P^Pknij = (1 - Hf^M^M nij - 2(1 - H)j{l k M m > - l n M k ^)p 2 a m t\t l n + a kn ^a knij 



;i - Hf^M m m mi - 2(1 - H)H-^p 2 (a hltJ t h t l n M n v - a hlij t h k t l M k ») + a kni ^a knij , 



or 



Or, 2 ffn 2 

p kmj p kni1 = (l-H) 2 ^t l arn h a hniJ +2(l-H) 



which is 



P knij P knij = a^a^ + 4 (4-2 ~ 1 ) t l art h a hlllJ - 



S 2 \H 2 

Because of the transitivity (4.20), from (4.25) it follows that 

T>iM n ij = -y^V^V 
From (4.28) we can conclude that 



(4.32) 



(4.33) 



V lPk \ j = (1 - H)-{l k 5 n m - rg mk )yTt h ^ia h \ 3 + y£f£V,a fc "V 
It is also convenient to use the representation 

Pknij = ^kn a hmiji 



where 



Since 



T kn hm = p 2 



\{tX - tTt h n ) + (1 - H)^(y k tX - y n t h tT) 



V{F kn hm = 0, 



we have the relation 



^iPknij - Tkn hm Via hmij . 



(4.34) 

(4.35) 
(4.36) 

(4.37) 
(4.38) 
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A? 



5. J^-space example of the space T 



Let us also assume that the manifold M admits a non-vanishing 1-form b = b(x, y) 
and denote by 

c — 1 1 b 1 1 Riemannian (5 • 1 ) 

the respective Riemannian norm value, assuming 

0<c<l. (5.2) 

With respect to natural local coordinates x l we have the local representations 

a ij (x^i^b^x) = c 2 (x), b = b^y 1 . (5.3) 

The reciprocity assumed, where 5 l j stands for the Kronecker symbol. The 

covariant index of the vector bi will be raised by means of the Riemannian rule b % = a^bj, 
which inverse reads bi = a^b 3 ' . 

We shall use also the normalized vectors 

bi = -bi, V = -b l = a%, a mn bj n = l. (5.4) 
c c 

We get 

a ljV y -b 2 >0 (5.5) 
and may conveniently use the variable 



q := y/aijyiyj - b 2 . (5.6) 

Obviously, the inequality 

q 2 >^b 2 (5.7) 
<r 

is valid. 

We also introduce the tensor 

rij(x) := a,ij(x) - bi(x)bj(x) (5.8) 

to have the representation 

q = y/riiVW- ( 5 - 9 ) 

The equalities 
hold. 

In evaluations it is convenient to use the variables 



TijbP = (1 - c 2 )b t , r m r n > = r\ - (1 - c 2 )Vh (5.10) 



Ui :=a i:j y 3 , v l :=y l -bb\ v m := u m - bb m = r mn y n = a mn v n . (5.11) 
We have 

and 
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Uitf = v i y i = q 2 , r in v n = Vi - (1 - c 2 )bbi, v k v k = q 2 - (1 - c 2 )b 2 . (5.13) 
With the variable 

w = |, ^>0, (5.14) 

we obtain 

^ = f? > e « = "6* + ( 5 - 15 ) 

and y ? ej = 0. 

The Finsler metric function F of the J-\S-space is given by (1.25). When b > 0, we can 
conveniently use the generating metric function V = V(x,w) to have the representation 

F = bV(x,w). (5.16) 

The unit vector l m = dF/dy m is given by 

dV 

l m = b m V + we m V>, V '=q^- (5-17) 



It proves convenient to use the quantities 

wV 



and 

There are the useful equalities 



(5.18) 



Q = \lv 2 +[l-^)b 2 , (5.19) 



w = \, b>0. (5.20) 



r = r=^, V =V, V'=™ «„, = cWl-^). 

V ow \ T J 

We say that the J-"iS-space is special, if dV/dx n = 0, that is when 

V = V(w). (5.21) 
Take two differentiable scalar functions 

C = C(x), C 1 = C 1 (x), C>0, C>\d\, (5.22) 
and construct the scalars 

H = ^C 2 - {d) 2 (5.23) 

and 



Let a positive function fj, = /i(x, y) be specified according to 
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H 

y/ji = — [l + k 2 + (1 - P) cos g] , 
2k 

where g = g(x, y) is an input scalar. We can write 

y/Jl = C + C\ cos g. 
Consider the transformation t m = t m (x,y) with 



where 



We have 



t m = i m sin g + ^[1 - k 2 + (1 + k 2 ) cos g]b v 
2k 



I yiri \-\)\) m ] — 

c 2 J q 



H „ 



and 



where 



b* = 

2k 



i H 

1 -k 2 + (l + k 2 )cosg —S, 

- yJ 1 



(5.25) 



(5.26) 



(5.27) 



S = Va mn t m t n , b* = t m b m , b m = b m , b m = b m . 
We get also the equality 

b* = (d + Ccosg)— S. 

The functions (5.27) obviously fulfill the if-degree homogeneity condition (2.7). The 
validity of the equality S = F H (see (2.10)) can readily be verified. 



(5.28) 

(5.29) 
(5.30) 

(5.31) 
(5.32) 



The property 



t m (x,b(x)) ~b m (x) 



(5.33) 



holds. 



The following useful equalities can readily be obtained: 

(l-k 2 )S -(l + k 2 )b* 

cos g = - - , 

(1 + k 2 )S - (1 - k 2 )b* 



2HkS 



'l + k 2 )S -(l-k 2 )b* 



(5.34) 



^-\(1 



cos g = '—[(1 - k 2 )S - (1 + k 2 )b*}, 

2HkS 



and 



sin 2 g = Ak 2 



S 2 - (b*) 2 



[(1 + k 2 )S - (1 - k 2 )b*] 



2 ■ 
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together with 



*\2 



sin 2 g 1 S 2 -(b*) 



H 2 S 2 



Differentiating (5.28) yields 

di m 



dy k 



ST 



1 \ 1 1 lw 2 
^b k b m )—--b k i m --—i m e k , 



bw b 



b w 2 



(5.35) 



(5.36) 



which entails 



k di m n ,di m n 

y — — o, b — = o, 

Qyk Qyk 



We can use the relations 



di r 



i a r . 



' dy k 



di m 
ay K 



di r 



dy k 



= 0. 
(5.37) 



h = —l k - w 2 -e k) wi k = w 2 e k + w 2 b k = w 2 e k + w 2 —l k - w 2 -e k , 



so that 



where % k = a kn i n . 
We have also 



1 w'~ I W 
i k - —bwl k = — 1 J e k , 



di r 



dy h 



dhk - ~^b k b h — - -b k i h - -—i h e k , 



bw b 



b w 2 



which entails 



Q>mh 



dy k 



dhk nb k bh — % k %h 



bw 



(5.38) 



With these observations, from (5.27) we find that the derivative coefficients t™ 
dt m /dy h can be given by 



1 xra 



cos gi m -(1 + A; 2 ) sin gb r ' 

2k 



,w F H . di m F H 1, m 
g-re k — + smg-—— + —l k t 

b d V VJ 1 F 



1 d^Jl 
H^Ji dy k 



t m . 



Since 



,w 



9VJ 1 H n k2x • 
—j- = — f(l - k )sm QQ—e k , 
dy k 2k b 

we obtain the explicit representation 



cos pi m - + k 2 ) sin gb r ' 
2k 



Q' T e k F H 
b 



di r 



+ sin g^F H + 
ay K 



^fjl—lk + -y(l - k 2 ) sin g g'^-e k 
f 2k 



(5.39) 



The identity t r k n y k = Ht m can readily be verified. 
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We can straightforwardly evaluate the contraction a mn t™£^, which leads to the ex- 
pression which is a linear combination of g k h, Ikhn an d e k lh + £hh- To obtain the 
conformal result, the terms l k h are to be canceled, which proves possible if and only if 
the function /i is taken to be 



u = — rsin 2 g, (5.40) 
w 2 



which entails 



~ = Jp^l— (5 ' 41) 

(see (5.35)). With the choice of /i according to (5.40), using the representation (5.39) 
leads straightforwardly to the equality 



1 n f m f n_ 1 ^ ( 9qVw 2 2H 

H^ mnhth ~ rsm 2 g{dw) b 2 ^ 



1 / T — w(t' — w) W 2 \ 9 1 ~,„ u 

+ ^ L + 1 - — w 2 e k e h - + F 2 ^g kh 5.42 

T \ T W 2 J 2 



(see Appendix E). 

Subjecting the g to the equation 



dp 1 It — w(t' — w) . . „„. 

= ^\ \z ^sine, 5.43 

aw w V t 

where r' = dr/dw, is necessary and sufficient to reduce the right-hand part in (5.42) to 
the conformal representation, namely we obtain simply 

-^a mn « = F 2 V-Vg kh . (5.44) 

Comparing the last representation with the formulas (2.1), (2.4), and (2.9) makes us 
conclude that the following assertion is valid. 

Proposition 5.1. With choosing the function /i to be given by (5.40) and subjecting 
the function g to the equation (5.43), the transformation t m = t m (x,y) introduced by (5.27) 
fulfills the conformal automorphism (2.1)-(2.2). 



From (5.28) it follows that 



so that we can write (5.27) to read 



HF H 

t m _ b * b m = 



b c 2 



On the other hand, using the equality S = F H in (5.41) yields 
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tt2 p2H 
S 2 _ (fe * )2 = ^_J_^_ 



(5.45) 



Thus, it is valid that 



4 ( \y m - ^-bA = - 1 ( t m - b*b rn ) . 

W yb" C 2 J y/S 2 ~ (b*) 2 V J 



(5.46) 



Let us evaluate the explicit form of the respective coefficients N m n proposed by 
(2.36). Accordingly, we assume diF = and H = const. Since S = F H , we have diS = 0. 
From (2.38)-(2.39) it follows that d»t" = -a n ih t\ 

Also, d t b* = di(t m b m ) = -a rn lh t h b m + t m (Vib m + a r im b r ) = f"V;6 m , so that 



-.<Lb* = 



w \b y c 2 ) ^S 2 - {b*f 



b*b r ' 



^S 2 - (b*) 2 

Henceforth, we assume c = const. In this case b m Vib m = 0, and therefore 



djb* = - T y m Vib m . 

y^S 2 - (b*) 2 Wb y 



Under these conditions, applying the operator d; L to (5.46) yields 



1 fl 



w \b 



—ckw ( i-y m - ^b m ) + ^ ( i-d lV m - ^y m d t b - ^iy t b m - a m ih b h ) 



b 2 ' 



= b*d,b* 



(s 2 - (b*) 2 ) y/s 2 - (b*y 



(t m - b*b m ^j 



L== (d t t m - (d t b*)b m - b*(V t b m - a m lh b h )) , 



Vs 2 - (&*) 



or 



—diW + 
w 



1 



S 2 - (b*) 2 



b*d,b* 



1 m _ Km 



\d t y m - ^y m d t b - i(V,6 m - a m lh b h ) 



w 



y/S 2 - (6*) 2 

Using the new variable 
we have 



a- lh ( 6*6* + ^ Qy* - ±6* 



5' 



6*(V,6 m -a"WO 



-^VibhW 1 . 



(5.47) 



1-P-(1 + A; 2 )1U 
1 + P-(1-A; 2 )1U 



cos £> 



(5.48) 
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and 



which entails 



l-W 2 

sin 2 q = Ak 2 ^ — (5.49) 

[1 + k 2 - (1 -k 2 )W] 



dC ° Sg -Ak 2 3 (5.50) 



dW [1H- fc 2 — (1 — fc 2 )W] 

In the equality 

1 dw 1 <9£> 



u> dW sin £ cW 
we use (5.49) and (5.50), obtaining 

1 dw 1 
^dW 7 ~ ~1 - W 2 ' 

where the notation 

P = 



T — w(t' — w) 

has been used. 

Therefore, in the special case (see (5.21)) of the .FS-space, we have 

d * w = dw m = -T^W^ W = -T^ P s dlb 

and can write 



w ( H F H 1 u - 

' a m lh ^-y h - b*V t b m - T (y h Vib h )b m 



m 



V / S 2 _ ( 6 *)2 V y/¥ b 

and 



w 



(^-a m lh ^-y h - bb*Vfi m ^j - (y h Vh)V 



^S 2 - {b*) 2 
Taking into account the equality 

dib = — — diiu 

r 

which is valid in the special case of the .FS-space, we obtain 

diy m = -^)Y^( p ~ w) (y m - ±bbA + —(d^-^Py* 
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+ tt^77 I -a- ih 



- 1 Ly h V l b h - / 1 (P -W)(y m - \bb m 
bw y h ^\-w 2 \ c 2 



+— 1 Ly h V i b h , 1 Py m - b^WV t b m - (y h V t b h )b m + ^bV t b m - a m th y h . 
r bw v 1 — w 2 a c 



Here, 



1 - W 2 = H 2 



w 



Therefore, 



1 Jt 



bw H w 



d lV m = - — yhVfa-y^iP -W) [y m - ~:bb m + ——y^ih-y^Py 



w 2 1 



1 Jf 



t bw H w 



_ h ^-WV-b m - (y h Vib h )b m + \bV,b m - a m ih y h . 
ti cr 



Noting the equality 
leads to 



N m t = d t y r 



(5.51) 
(5.52) 



N m t = ^{y h V t b h )Fa m - ±y/r - H*w*bP? - (y h Vib h )b m + bV t b m - a m ih y h , (5.53) 



where 



and 



Fa r 



w 



\Jt — w(t' — w) 



w z 



(y m - bb m ^j 



(5.54) 



3 m = X7b m 

1 Vl ° b 2 w 2 ' 



(y h V i b h )(y m -bb m ), 



(5.55) 



which can also be written in the form 



N m t = 14(/V^)Fa m - Ly/B-H^P? - (y h V t b h )b m + bV t b m - a m lh y h , (5.56) 



Hq 



with 



Fa m = 



w 



y/r — w(t' — w) 



y m -^[y m 



bb r - 



(5.57) 
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= v,b m - ^(y h VA) (y rn - bb m ) , (5.58) 

and 

B = b 2 r. (5.59) 

Thus we have 

Proposition 5.2. If in the special case of the FS-space with c = const the trans- 
formation (5.27) results in the conformally automorphic space, then the coefficients (2.36) 
can explicitly be given by means of the representation (5.56)-(5.59). 

It is easy to verify that 

a m l m = 0, $rb m = 0, #%» = 0, ?>m = 0. (5.60) 
By contracting (5.56) we find 

l m N m , = -(y h V t b h ) (l - V - l m a m th y h . 



From this result it follows that 

dF 



Indeed, denoting 
we get 

and 



ox" q q ox K 



g^K £Zg (JX 



The equality 



(5.61) 



+ / m iV m fc = 0. (5.62) 



s fe :=i/ m V fe 6 m , (5.63) 



^ , ..mi „ft \ , 1 „.m„.n da mn 



~(s k + y m b h a h mk ) + -A n ^r ( 5 - 64 ) 



= ~-{s k + y m b h a h mk ) - ±( 8k + y m b h a h mk ) + ^rt n ^, 
or 

: -tJ-S 2 ^ + !/ m & fc a\*) + tW^F- (5-65) 



W W = W W (5 - 66) 



can appropriately be used. 

In the special case F = bV(w) (see (5.21)) of the J-"iS-space we have 

£=(v- ±S^v) s t+ (v- l S ^v) y™ h a\ t + ^ 

ox K \ bq w J \ bq w J qw ox K 

or 

dF = (v - ~V') » + (v - ^iv') y-b h a" mk + ^V'y"Y^ (5.67) 



ox V o z w I \ tr w I bw ox 
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In terms of the function r, we can write 



dF 

dx k 



V I- 



1 + w z 



s k + V(l- 



y o h a m k + ttzV y 



m^.n wu "rnn 



br dx h 



(5.68) 



With this equality the validity of the vanishing (5.62) can readily be verified. 
The following proposition is valid. 



Proposition 5.3. The transformation (5.27) entails the conformal automorphism 
(2.1) iff 

(5.69) 



t = C 2 + 2CVl-H 2 w + w 2 



It follows that 



r — w(t' — w) = C 2 . 



In these formulas, C is an integration scalar C — C{x). It can readily be seen 
that when \C\ ^ 1, the entailed Finsler metric function F can vanish at various values 
of tangent vectors y. To agree with the condition that F vanishes only at zero-vectors 
y = 0, we admit strictly the values C — 1 and C — — 1. In this case we can write the 
above r as follows: 

r = l + gw + w 2 , -2<g<2. (5.70) 
Generally, the g may depend on x. We obtain 



1 



B-H^=[b+-gq 



In this case the coefficients (5.56) take on the form 



(5.71) 



N m t = \^Fm m ^ -±(b + ^gq) [5? - W% + bV t b m - a m lh y\ (5.72) 



with 



1 



q^b m -ib + gq) (y m - bb m ^j = ^ B 2 b m - [b + gq) y m 



(5.73) 



/ 3- = Vi 6 m -^( 2 / m -66 m )S i , 



(5.74) 



m m = a m , and 



Si = y h Vib h . 



(5.75) 



Note. We used the input representation F = bV(x,w) (see (5.16)) at b > 0. All the 
performed calculations can be repeated word-for-word in the negative case b < 0. The 
above representation (5.72)-(5.75) obtained for the coefficients N m i embraces both the 
cases b > and b < 0. 



The last three terms in (5.72) are linear with respect to the tangent vectors y. 
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The function r given by (5.70) represents the J r J-^ D -Finsleroid space described in 
the paper [7]. To comply with the representations used in [7], we should replace the 
notation H by the notation h: 




(5.76) 



The g plays the role of the characteristic parameter. The J r J r J >D -Finsleroid metric function 
K is given as it follows: 

K = VBJ, with J = e~* 9X , (5.77) 

where 



If G L\ r , If G L\ ri 

y = — — arctan h arctan — , if b > 0; Y = — 7r — arctan h arctan — , if o < 0, 

h\ 2 hbJ h\ 2 hbJ 

(5.78) 

with the function L = g + (g/2)b fulfilling the identity 

L 2 + /i 2 6 2 = B. (5.79) 

B is the function given by (5.71): 

B = b 2 + + g 2 ; (5.80) 

G = g/h. The definition range 

0<*<i* 

is of value to describe all the tangent space. The normalization in (5.78) is such that 

X\ y=b = 0. (5.81) 
The quantity x can conveniently be written as 

X = \f (5.82) 

with the function 

/ = arccos -^=^=, A = b + )-gq, (5.83) 
^B{x,y) 2 

ranging as follows: 

< / < 7T. (5.84) 
The function K is the solution for the equation (5.70). 

The Finsleroid-axis vector b % relates to the value / = 0, and the opposed vector —b' 1 
relates to the value f = ir. 

f = ~ y = b; / = tt ~ y = -b. (5.85) 

The normalization is such that 

K(x,b(x)) = l (5.86) 

(notice that q = at y l = b l ). The positive (not absolute) homogeneity holds: K{x, r yy) = 
jK(x,y) for any 7 > and all admissible (x,y). 
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The entailed components yi := (l/2)dK 2 /dy l of the covariant tangent vector y = 
{yi} can be found in the simple form 

yi = (ui + gqbi)J 2 , (5.87) 

where u,i = a^yK 

Under these conditions, we obtain the J r J r J >D -Finsleroid space 

jrjrPD ;= {M . a .. {x) . h{x) . g{x) . K (x,y)}. (5.88) 

Definition. Within any tangent space T X M, the metric function K(x, y) produces 
the J- ~J-g L } -Finsleroid 

■= iy e T K D w ■ y e T * M > K ^ v) < ^ ( 5 - 89 ) 

Definition. The J=J=^ D -lndicatr%xXJ=^ D {x} C T X M is the boundary of the J=J=^ D - 
Finsleroid, that is, 

ZF^gj := {y G ZT^gj : y G T X M, K(x, y) = 1}. (5.90) 

Definition. The scalar g(x) is called the Finsleroid charge. The 1-form b = bi{x)y l 
is called the Finsleroid- axis 1-form. 

It can readily be seen that 

f K 2 \ N N 2 q 2 
det(^) = ( — J det(atf) > 0, A 1 A { = 

where Ai = KCi. 

Note. The representation (5.72)-(5.75) obtained for the coefficients N m i coincides 
exactly with the representation (6.53) of [7]. Considering the vector = g mn Ci mn , the 
equality 

s/g kh C k C h 

holds exactly with the vector m m given by the representation (5.73) (which is equivalent 
to the representation (A. 46) proposed in [7]). 

Let us verify Proposition 5.3. With the variable W = b* / S (see (5.47)) we can write 
the equation (5.43) as follows: 



1 dp dW _ t-w(t'-w) . _ N 

-w=\ y - '-. (5.92) 



sin q dW dw V r 
Let us introduce the function j by means of the equality 

r = jw 2 . (5.93) 

We obtain [r — w(t' — w)]/r = [1 — j — wj']/j and 
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^sin 2 q dW J \dw 
Using (5.49) and (5.50) together with 

3 = H 2 



1 dcosg\ 2 fdwS 2 1 1 1 dj dW „ 

W \ — 1 -^rrz-^rW. 



j dW dw 



1 



1 - W 2 

(see (5.41)), we can write the equation (5.94) in the form 



1 dW 



w ) +2W 



1 dW 



1 - W 2 dw J \1-W 2 dw 

which can conveniently be written as follows: 



■w 



1 dW 



w + W 



^-1)(1-^ 2 )- 



1 - W 2 dw 

It proves convenient to go over to the variable W 2 : 



Since 



H 2 w 2 



W 2 = 1 - 



(see (5.45)), we get 



^-r^W + 2 1- 



V 



w 2 dw 



H 2 w 2 



w 



A(l-H 2 )- ( l-^ 2 

T V T 



or 



(5.94) 



(5.95) 



(wt' - 2r + 2(r - H 2 w 2 )) 2 = 4(1 - H 2 )w 2 (r - H 2 w 2 ). 
Simplifying leaves us with the equation 

(7 - 2H 2 w) 2 = 4(1 - H 2 )(r - H 2 w 2 ), 

which can readily be solved to yield (5.69). Proposition 5.3 is valid. 
The coefficients (5.72) show the properties 

u k N k n = -^gqy j V n bj - u k a k nj y j , b k N k n = ^(1 - h^VJjj - b k a k nj y j 

(where u k = a kn y n ), and 

d ^ h = lT^ + b k Nk n = -rV^nbj, d n q = —^- + -v k N k n = — — (b + gq)y j V n b j , 
dx n h dx n q hq 
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together with 
/ 



d„ I ?') = 



With these formulas it is possible to verify directly the validity of the vanishing 

dK 



— I — N m J — n 



(5.96) 



and 



Dn9ij ■ Qr^n nC m ji D njQmi D niQmj 0, 



(5.97) 
(5.98) 



where D m nj = -dN m n /dyi 



The identity 



l h N h i = -K^(y h V i b h )-l t a t ih y h 



(5.99) 



coming from (5.72) is useful to take into account when considering the vanishing (5.96). 

The vanishing (5.97) can be obtained directly by differentiating (5.96) with respect to yK 
Using (5.96) and (5.99), we can modify the representation (5.72) by evaluating the 
sum _ 

N m , + / m ^ = N m t - l m N\l h = ^y m s t + ri t a t ih y h 
ox 1 B 

A\ Km ™~ Si -\(b+ \gi\ ^ -b m s t + bV~b m - a m lh y h . 
hq h \ 2 / 

We insert here (5.74), getting 



+ 



N m t = _ r dK + gq + ^l Km m~ 
ox 1 B hq 



v t b m + \{b + \gi\ 4si ( y m - bb m ) - W% 



Let us introduce the tensor 



q 2 



(5.100) 



We come to 



AT™ = -r|§ + 9 4y«% + \iKm«% 



dx l B 



h q 



+ 



q z 
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+ l { b + \ 9 *) ~ bm " 1 ~ hTatijyj - 



In this way, with the tensor 

n mj ._ g mj _ ri j _ m m m j ? 

we arrive at the representation 



(5.101) 



N r ' 



-V 



,dK 

dx l 



+ 



■ K 2 

t> 



1 



~2 

Q 



hq qB 



Km m y° 



VA-Z^aV, 
(5.102) 



where /i™ = <5 t m - Z m Z t and m m is the vector (5.73). 
The equality H mj = (B / K 2 )rj mj holds. 
In the dimension N = 2 we would have "H™- 7 = 0. 

Regarding regularity of the global y-dependence, it should be noted that the J-"J-^ D - 
Finsleroid metric function K given by the formulas (5.76)-(5.80) involves the scalar q — 
\/r mn y m y n with r mn = a mn — b m b n . Since the 1-form b is of the unit norm = 1, the 
scalar q is zero when y = b or y = —b, that is, in the directions of the north pole or the 
south pole of the Finsleroid. The derivatives of K may involve the fraction 1/q which 
gives rise to the pole singularities when q — 0. This just happens in the right-hand part 
of the representation (5.102) for the coefficients iV"V 

Therefore, we may apply the coefficients on but the 6-slit tangent bundle %M := 
TM \0\b\—b (obtained by deleting out in TM \ all the directions which point along, 
or oppose, the directions given rise to by the 1-form 6), on which the coefficients N m i, as 
well as the function K, are smooth of the class C°° regarding the y- dependence. 

On the punctured tangent bundle TM \ 0, the metric function K is smooth globally 
of the class C 2 and not of the class C 3 regarding the ^/-dependence. 

In the case (5.70) the equation (5.43) can readily be solved, yielding 



P = f, 

where / is the function which was indicated in (5.83). We obtain 



(5.103) 



sin g 



hq 

75' 



COS Q 



b + -gq 

~75~- 



(5.104) 



The representation (5.40) entails 

/i = h 2 , (5.105) 
so that from (5.26) we may conclude that C\ = 0. The transformation (5.27) reduces to 



h(y m -bb m )+ \ b+-gq)W 



K h 



B 



(5.106) 



Thus we have 



Proposition 5.4. In the F Fg D -Finsleroid space the transformation (5.106) per- 
forms the conformally automorphic transformation. When h = const and c = const, the 
coefficients (2.36) can explicitly be given by means of the representation (5.101)-(5.102). 
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In the remainder of the present section, we take c = 1, that is, 1 16| |Ri cm annian = 1- 
Using (5.73), we can transform (5.106) to the expansion 

K 2 K h ' x 

with respect to the frame {l m ,m m }, where 

Tl = _(i _ tytf + B + ±gq(b + gq), T 2 = ((1 - h)b + l -gq^j q. (5.108) 

The t m of (5.106) is equivalent to the ( m of (6.26) of [7]: t m = ( m . The coefficients 
(5.102) are equivalent to (6.62) of [7]. Therefore, with the substitution ( m = t m all 
the relations among curvature tensors which were established in [7] are applicable to the 
approach developed in the present section, including the following: 

j^M nij = ((1 - h)b + ^gqj^biaJij - (j^ v n + (1 - h)b^j ^biOtij - a^y 1 



and 



^M n ^M ni] = ( ±((l-h)b+^q)b h a nhij -a h nij y h ) ( -h)b+ 9 -q)b ian l i3 -a tnii y l 



If we take A from (2.32) and the coefficients N k i from (5.102), and use the functions 
t m = t m (x,y) specified by (5.106), we obtain the vanishing diX(x,yi,y 2 ) = 0, when h = 
const. To verify the statement, it is worth deriving the equality 



dX 
dy\ 



h 2 



Biv 2k + qfb k A 2 - hA 2 v lk - v 12 [ h' 2 v lk + [ b k + ^9^~ v ik ) M 



B\\fB\\fB 2 



(5.109) 



together with the counterpart 



dX 
dy\ 



= h 2 



B 2 v lk + q\b k A x - b 2 Aiv 2k - v 12 ( h 2 v 2k + ( b k + 1^9— v 2k ) A 2 



1 1 



B 2 \fB 2 \fBx 



(5.110) 



where A 1 = A(x,yi), A 2 = A(x,y 2 ), B 1 = B(x,y 1 ), B 2 = B(x,y 2 ), q 1 = q(x,yi}, q 2 = 
q(x,y 2 ), h = b(x,y x ), b 2 = b(x,y 2 ), together with v u = r in (x)y^ and v 2i = r in (x)y%. 
Plugging these derivatives in diX(x, y±, y 2 ) results in the claimed vanishing diX(x, yi, y 2 ) = 
after attentive couplepage reductions. 



It will be noted that 
,u dX 



dyf 



h 



We have also 



dX 
dg 



2 g\A 2 - v X2 Ai 
BwfWwfB^ 

1 /6i9i , b 2 q 2 



. dX_ _ h2 q 2 Ai - v\ 2 A 2 

dy\~ B 2 yfB[yfB~ 2 ' 



B 1 



+ 



Bo 



X + 



q\A 2 + q 2 A x - gv 12 
2\fB[ \fB 2 
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or 



where 



dg 2^fB[^fB 2 



q\A 2 , q\A x f A 1 A 2 

+ -Fj-°2 ~ v 12 — <Ti + — <7 2 
r>i d 2 \ D\ n 2 



<7i = |Ai + /i 2 gi = qi + cr 2 = |a 2 + /i 2 g 2 = <?2 + |& 2 . 



There arises the equality 



(5.111) 



d\ 1 



<Tl6 7TT + ^ 



1 

h 2 



? r k dX +7 r k dX 



9yf 



where 



q x K\ q 2 Kl 
iVfifEi NgB 2 



(5.112) 



6. Conclusions 



In the two-dimensional approach, N = 2, the general representation for the coef- 
ficients N m i = N m i(x,y) entailing the property of preservation of two- vector angle can 
be indicated locally for arbitrary sufficiently smooth Finsler metric function [8,9]. Such 
a general possibility can doubtfully be meet in the dimensions N > 3, for in these di- 
mensions the two-vector is of complicated nature except for rare particular cases. Such 
lucky cases are just proposed by the Finsler spaces which are conformally automorphic 
to the Riemannian spaces. The respective two- vector angle is explicit, namely is given by 
the simple formulas (1.7) and (2.31)-(2.32). Such Finsler spaces can be characterized by 
the constancy of the indicatrix curvature. In each tangent space, the indicatrix curvature 
value Ci n d. = H 2 is obtained and the relevant conformal multiplier is given by p 2 with 
p = (1/ H)F 1 ~ H . This p is constructed from the Finsler metric function F. The H is 
the degree of conformal automorphism. In the case H = 1 the Finsler space under 
consideration reduces to the Riemannian space proper. 

In indicatrix-homogeneous case, the required connection coefficients are presented 
by the pair {N't, where D^k = -dN^/dy k . The equality = -D^ ik y k holds. 

In the Riemannian geometry the two- vector angle is af^y m (yi, y 2 ) = a mn (x)y^ l y 2 / S±S 2 , 

where Si = a/ a mn (x)y™yi and S 2 = y/a mn (x)y 2 ri y2 ■ Starting with the fundamental prop- 
erty of the metrical linear Riemannian connection that the Riemannian angle is preserving 
under the parallel displacements of the involved vectors, which in terms of our notation 
can be written as 

df iem af^( yi ,y 2 ) = 0, Vl ,y 2 eT x M, 

with 



< Riem = #7 + L\{x,y x )4r + L\(x,y 2 ) ° 



dx % 1 ' dy\ 1 ' dy 



2 ' 



where L k i(x,yi) = —a k ij(x)y{, L k i [x^y 2 ) = —a k ij(x)y 2 , and a k ij are the Riemannian 

Christoffel symbols fulfilling the Riemannian Levi-Civita connection, the important ques- 
tion can be set forth: Can we have the similar vanishing in the Finsler space? It proves 
that the respective extension of the Riemannian equation df iem a Riem = to the equation 
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did. = applicable to the Finsler space under consideration can straightforwardly be 
solved giving the required coefficients indicated in (2.36). They admit the remark- 
able alternative representation N n i = df iem y n (see (1.24)). In this way we obtain the 
connection {N^, D^ ik ) which is metrical and simultaneously angle-preserving. The key 
vanishing ykN k mn j = holds fine. 

Remarkably, the Finsler connection presented by this pair {N\, D^i k } is the image 
of the metrical linear Riemannian connection under conformally-automorphic transforma- 
tions. When going from the considered Finsler space to the underlined Riemannian space, 
the covariant derivative behaves transitively and the non-linear deformation which mate- 
rializes the conformal automorphism is parallel. In particular, the Riemannian vanishing 
d^ em S = just entails the Finslerian counterpart d m F = 0. 

Also, the involved coefficients N m i fulfill the representation N k rnn j = —V m C k n j (see 
Proposition 3.2). Just the same representation is valid in the two-dimensional Finsler 
spaces (see (2.14) in [8,9]). Is the equation 

d 2 N k 

" = -V m C h 



dy n dyi 



meaningful in other (in any?) Finsler spaces to find the coefficients N k m required to 
preserve the two-vector angle? The question is addressed to readers. 

The curvature tensor p k n ij has been explicated from commutators of arisen covariant 
derivatives which is attractive to develop in future the theory of curvature for the Finsler 
space J rN . 

For the .FiS-space specialized by (1.25) we have got at our disposal the simple exam- 
ple of the parallel deformation transformation, namely proposing by (5.27), which entails 
the coefficients N m i possessing the property of angle preservation. The coefficients are 
given explicitly by the representation (5.72)-(5.75), which admits the alternative form 
(5.101)-(5.102). The space proves to be of the Finsleroid type, with the Finsleroid charac- 
teristic parameter g manifesting the meaning: h = \J\ — (<7 2 /4) is the homogeneity degree 
(denoted above by H) of the conformal automorphism. The Finsleroid metric function 
K when considered on the 6-slit tangent bundle %M := TM \ \ b \ — b is smooth of 
the class C°° regarding the global ^/-dependence. The same regularity property is valid 
for the coefficients N m i given by (5.102). 



Appendix A: Proof of Proposition 2.1 



Let us verify the validity of Proposition 2.1, starting with the conformal tensor 

Uij = F 2a g ih a = a(x), 

and denoting u ijk = duij/dy k . We get u ijk = 2(a/ 'F)F 2a l k g ij + 2F 2a C ijk , where C ijk = 
(l/2)dgij/dy k . Constructing the coefficients 

leads to 

Zij k = —F 2a (lig k j + Ijgik — hgij) + F 2a Cij k . 
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Since the components reciprocal to Uij are of the form = F 2a g %3 , the coefficients 
Z m ij = u mh Zij h read merely 



We obtain 



dZ r 



dy j 
and 



— 2 l 3 {ljr + W - l m g m ) + T2 {h l3 Sn + h nj 5? - hfg m - 2l m FC inj ) + 



aym r)7 rn n 



so that 



+—\(h S m - h S m ) - (h m a- - h rn a- n + - - n3 



ftym ftym 9 arrni r)r ,m 

j-, 2 \""nj"'i < l ni' l j I t 



Also, 



Qyj Qy* 



yh ym yh ym _ 

^ ni^ hj ^ njA hi j-, 



/ a \ 



— y~p~J (dindj 1 — gjn^T) + p~(l'jC m in ~ hC™ j n ) + C niC™ hj — C njC™ 'hi, 



or 



yh rvm rvh rvm ( ® \ (1 im L h m \ _L (~im f~ih s~im 

^ ni^ hj ~ ^ njA hi — ~ \ J {lHn rl 'j ~ ' l jni<'i j + O n jO hj ~ ^ nj^ hi- 



The curvature tensor 



Rn 



dZ m m dZ r 



n 3 1 ryh rvm rvh rvm 

~T A ni^ hj — ^ nj^ I 



dy J dy % 

is found as follows: F 2 R n m ij = a(a + 2)(h n jh™ — h ni hj) + S n m ij, where 



<->n ij — I K ' 7T~ r O n jO hj — O n1 L/ hi I r ■ 



Qyj yi 



In term of the covariant components R nm ij = u m hR n h ij and S nm ij = g m hS n h ij, we obtain 

F Rnmij S nm ij ~\~ 0(0 4" 2) (h n jh m i h n ih m j ) ■ 



Therefore, if -R nm j,- = 0, then 
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Snmij C(h n jh m i h n ih rn j) , C cl{cl + 2). 



(A.l) 



Since Ci nd . = 1 — C (see Section 5.8 in [1]), we get Ci nd . = H 2 , where H — a + 1. The 
proposition is valid. 

Appendix B: Proof of Proposition 2.2 



Let us verify the validity of Proposition 2.2. From the equation 



Ox % oy\ 01/2 

we want to find the tensors 

Using (2.33) and (2.34), we obtain 



(B.l) 



1 1 
——(7 -/"V™ 4- — — r; ■t m t n 
oiO\ 0202 



+ 



n t n n t n 

Uj mn L 2 Uj mn b l 



S1S2 S1S1 



A 



dt™ 

dx i 



a t n a t n 

U, ran< / 1 Uj mn< / 2 



S2S1 S 2 S 2 



A 



f)t m 
11 dx l 



0, 



which can be written in the concise form 



1 

S~i 



n t n n t n 



So 



Si 



A 



So 



n t n a t n 



Si 



So 



< = 0, 



where 



v li ~ n li + ~Q-[ + a ikh, 



V. 



m 



dtp 



2, - n 2i + + ° m ifc^2) 



and a m ik are the Riemannian Christoffel symbols (2.37). 
In this way we come to the equation 



Use 



so that 



(SiS^Omnt^ — S^^Omntl) V™ + (SlS^Omra*! — SiSiQmnt^) ~ 0. (B-2) 



d-F = — + LN k - = — + —F 2{l - H) t n m - 



0>"'; = III (<hF-^ 

ox 1 



From S 2 = F 2H it follows that 



dx i 



dx i 
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(H = const is implied). We obtain 

f)t m 

t m u m t = HF 2 ^d t F, u m t = + — + a m lk t\ nf = t^N k u (B.3) 

where the equality tht^ = HF 2 ( H ~^y n (see (2.16)) has been used. When diF = 0, we 
have unambiguously t m v m i = and the equation (B.2) reduces to 

OmnM + <W« = 0. (B.4) 

Thus we may conclude that when H = const and d^F = is fulfilled, the started 
equation di\ = is equivalent to the equation (B.4). 
The case u m i = reads 



n m i = -(qj + am * ktk ) ' (B - 5) 
which is equivalent to (2.36). The examined proposition is valid. 

Appendix C: Validity of Proposition 3.1 

Let us consider the term 

,h T s ( d^ni , s ,h \ _ dthtni _ +j f h ^ a jh ,j s .h , f s ,h 

Ush^ni-l-rn, ' b s I q m T U mh^ n i I — q l< q m ' u sj^ n i a mh^ T t s U mh^ni 



9thtni _ ^j^h d a jh _|_ l^j ( dajh _|_ ddjm _ da m h \ ^ h 1^ / dajfc <9aj m _ ^ fl mfe \ ^ 



dx m m dx m 2 m V &r m <9x fe 9^ / 2 V dx m dx h dxi ) m 

dthtti 



dx m 

We can take t^t^ from (2.18). By doing so and introducing the notation P = 1 — H, we 
transform the representation (3.3) to 

y k N k mm + 2C lm N l m = g kl {y k sl t l n TL + Vs^J + gUy^ + y k s T*J 



2P 

~ir ^ 9ni ~ 2Hlnli)ts + ( ynCLsitli + y^ it n)} T r 



m 



- ^F-Vyj. + ±F^a sh t^ T° m - ^F'^y^ + ±F^a sh t^ 



_pp2(i~H) dF 2{ ~ H l \g n j — 2l n lj) 
dx m 
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and take the tensor g ki from (2.9), obtaining 



ykN K m m + 2C lm N l m = g kl y k sl t l n T s m + g kn y K sl t 1 ^ 



,k 4.lrriS 

- m 



2P 



(2^F-™y n t. - §- 2 F^a sh t^ T° m - (2^F-™y its - ^F 2 ^a sh t^ T' 



_p F 2(l-H) 



di -^- 2 a su t u n tt-2F^ H - l \l, 

dx m 



After that, we take into account the formula (3.31) which specifies the object T r 
This yields 

y k N k mni + 2C lm N l m = g kl y k Jj s m + 9^y k sl t\T s m 



'S 

n,m' 



2P 



F~ 2H [{g m - 2Hl n li)t s + (y n a sl 4 + y t a sl t l n )] T° 



p 

-2 F~ 2H t 

Z H s 



dt s 



dx r 



P T ? 2(l-H) f u f s ^ a su o P p2{l-H) ®F 2H tht s tnt'i 

H 2 n 1 dx m H 2 ~ dx m ' ' 



Here, t h t h n = HF 2( - H ~ 1 ^y n (see (2.16)). 
Noting that 

9kiy s it n = p a U vt k t i -^—^ = —p 2 a uv t v i t\ n y k ^ 

taking Ci ni from (2.19), and using the vanishing Hy k y k s — F 2<yl ~ H H s = (see (2.15)), we 
perform simplifications and remain with 

2P P 

y k N k mm = APF~ 2H l n ht s T^ - —F~ 2H {y n a sl t\ + yi a sl t l n )T^ - 2-F~ 2H t s a s mh (y n t>? + Vl t h n ) 



+ J_ F 2 ^- H) a ,a s h it 1 t h + t l t h ) - — F 2 ^- H h u t s ^^ + 2— F 2 ^- H k h t s — — 

+ H 2 rnhWi + l i l n) H2 P n *dx m H 2 n% 8x m 
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Finally, we apply (3.4) 

dF F 

:UT. 8 



dx m HS 2 



take from (3.1), and notice the vanishing 



s-l mi 



F~ 2H (v t l + v t l )— + 2— F 2i - l - H) t h t s F~ 2H dthts = 



We arrive at 

y k N k mni = -^-F- 2H (y n t\ + Vi t l n ) ( -t s |^ + a sl a s mh A - ^-F- 2H t s a s ml (yJ l + Vi t l n ) 



+ JL F 2(1 - H) a a s u (t u t h + - — F 2{1 " H) t u t h dahu - 
We have verified the validity of Proposition 3.1. 

Appendix D: Verifying Proposition 3.2 

With the convenient notation 

X k - q ,kfl n s uf h , k s f h k su f l ^a-ul 
^ mn — y s rn u mh h \ </ s u mh h n its u n Q^m 

we can write (3.1) in the form 



N k , x k _ k.i _ k su da uit l n 



Differentiating this equality with respect to yi and using the notation X k mn j = 
dX k mn /dy j , we get 

N k - + X k ■ - -(v k t l + v k t l )-^— - v k t l -S- - v kfi a su da mt l n _ k S u d yu Z U 

iv mnj -t- ^ mnj - {y slj z n + y sl t nj ) dxm ysi l n gxm Vsi l j a dx , m v s a dxm » 

where Z z n .,- = a vl t v h t l - and the identity = has been taken into account. Here, the 
equality y k a su y^ = p 2 g kh should be used. 
This method results in 



f)+ s f)t S F)n + l 

iV mn]+^ mnj - \V slj l n + V sl l nj) Q xm Vs^ng^ Vsl l j a ^ m 



-y k a su a vl tlt l ni : M -p 2 g kh ^l 



41 



Since 



Chnj = (1 — H) — (ljg hn + l n g hj — lh9nj) + P 2 Z l 



"J 



(see (2.22)), we can write 



AT k _i_ Y k — 
1 v mnj T -n. mnj 



9 d vi ^ ,i dt 



dyi dy r 



dx T 



'dx r ' 



y K sitW 



y s i l n 



dx T 



y*a su a vl tl? ni -^ + g Kn a vl tlt 



/ » +vA (^P 2 ../•/, 'X 'hnj 



nj dx m 



dx T 



i 1 ~ H )9 J^( l j9hn + In9h3 ~ lh9nj) 



dF 

dx m 



+(1-H)g 



kh 



dlij dlfi dlfi i . 'j ii ii .. 

Q-^9hn + g^9hj ~ g^9nj I + [h-Q^ + ln ^ -„ ^ 



• ""h \ I j dghn j dgtj , dg n j 



h- 



Considering the relation 



d Vi a 



dyidy n ) u dyi \ u dy n J dy n UJ dyi Vtf ' un} dy n UJ 
and noting that yf = g kh p 2 ai v t v h1 we obtain the useful equality 



d dy\ 



dyi dy n 
Along this way we come to 



r 







(a kh r> 2 n, t v t l ) - ^-t l 
gyj [9 V aivt h t un ) Qyjuj- 



1 v mnj ' mnj T y 



,dC h 



dy- 



-y> s mh f 



Qyj (9 kk p 2a lvth tl un) + Qyjuj^j Vs Q xm VsA, gjn Vsl^j^ 



r)t s 

■2„kh„ A UL h , kh. 



+p <g^a sl t nj -^ + g™a vl tlt. 



vA d P 2 



dx 



n] dx m 



-(l-H)g 



kh 



J_ _ dF_ 1 f dlj 

p 2 \H9hn + lnghj l h9nj) p \ ^ m 



dL 



dl h 



9hn + 9hj x„m, 9nj 



dx n 



+{1-H)g T;[lj^— + ln 



d 9hj _ j dg nj \ _ kh dC hnj dt s _ kh 
F\ J 8x m '"' l dx m h dx m ) 9 dy uVs dx m 9 m hnj ' 
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where 

dm Cftnj 

Reducing similar terms yields 



9Chnj jyu dChnj 

dx m m dy u ' 



N 



mnj 



n khj f~i , jk 

y Um^hnj T o mnj i 



(D.l) 



where 



J k 



mnj 



_yk _ „kh®Chnj niU „s +h „,k + l „su + l & a ul 



mnj 



dy 



dx r ' 



+ ( fi JL (a kh n 2 a, t v ) + ^-f l \ v u ^— - v k t l - v k t l 

1 *«" dy j V P ai ^> + dy n tuj) Vs Q x m Vstn &m Vsft fom 



+P 2 9 kh a sl t l nj §^ + 9 kh a vl tlt^ - (1 - H)g kh ^{l 3 g hn + l n9hj - l h9nj )^ 



+(1-H)g"»- 



dlj dl n dl h \ f dg hn . 

d~^9hn + ^9hj ~ Q-^gnj I + I Ijg^ + luQ-^ ~ Ih^ 



dg h j , dg nj 



+(1-H)g 



kh 



F 2 



dt s dt s 
{IjQhn + Indhj — Ih9nj)l u y^-Q-^ — {hjuQhn + h nu g h j — h hu g n j) V U s~q~^ 



- 2(1 - H)g kh j (l 3 C hnu + l n C hju - l h C n3U ) - g kh t) n -^ (p 2 a lv tl) y^. (D.2) 



4 A 

l dy^ 



dt s 



We also find the contraction 



ATT fi _ _ 
JV mh^rnj 

(see (3.1)), getting 



v r A ^ + * s mh t h + y r s I ^ + « 



dx r - 



a 



rnj 



N mhC rn j C rri j?/ S jt^ 



dx r ° 



(1 - H)— (l 3 g rn + l n g rj - l r g nj ) + p t v r t nj a vt 



r)t s 

Us dx m 



{Vsl^h 0, mht + lls a mvth) ^rnj- 

The indicated relations are sufficient to obtain the representation 

Arfc _ _j\ (~ik _ _ i (~<k i Arfc (-it _ Art (~<k _ nrt pk 

JV mnj Ly m'- / nj — Lt m'- / nj ~T 1 v mt^ nj iv mn*-' tj Jv mj^ r. 

after performing required substitutions. 



(D.3) 
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Appendix E: Validity of Proposition 5.1 



With (5.39), we get the expression 



— n t m t n 



1 - sin 2 p + + k 2 ) 2 sin 2 p 

Ak 2 



(g') 2 ^w 2 e k e h F 2H 



+ sin 2 pF 2H ( a hk - —b k b h - — [w 2 e k (w 2 e h + w 2 b h ) + w 2 b k (w 2 e h + w 2 b h )} J ( -4 



c 2 /V ow 



V// — Z h + -=-(1 - fc )sin^ — e h 
f 2k o 



?2H 



1 " 2 \ • 

H — -(1 - k ) sm/2/9 — e k 
2k b 



V/i— Zft H — p(l — ) sm qq —e h 
£ 2k o 



^2H 



+ sin q 



l + k 2 

cos q — [1 — k 2 + (1 + k 2 ) cos £>] 

4/c 2 



efc 



1 1 - k 2 



,w 



— o— sm q g —e h 
2k b 



,w H 



b ^fjl 



+ sin q 



l + k 2 

cos q - — [1 — k 2 + (1 + k 2 ) cos p] 

Ak 2 



eh 



1 , 1 - k 2 



,w 



y/&ph H -^r- sm q q —e k 



d-—F 2H 

b y/Jl 



which can readily be simplified to read 



n + m + r > 

jj 2 mn k L h 



1 + — (1 - P) 2 sin 2 q 
2k 2 



(g') 2 lye k e h F 2H 



+ sin 2 gF 2H [ a kh - b k b h - w 2 (e h + b h )(e k + b k ) + I w 2 - ^— \ e k e h 



w 



bw 



1 11 XV 

+{i-=l k lh + ^— — {l - k 2 ) sin q g'—(l k e h + l h e k )F 2H 
F l Fik b 



1-k 2 
Ak 2 



■ sm q 



1 + k 2 + (1 - k 2 ) cos q 



(e k lh + e h l k ) + 



1 — k 2 ,w 



— — sm q q —e k e h 
k b 



b y/JI 
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+ sin 2 gF 2H (a kh - b k b h - w 2 (e h + b h )(e k + b k ) + (^w 2 - e k e h ^j (J~^J 

We use here the expansion 

p2 („ uu ...2/ , . w \ u \ \ T ~ W ( T ' ~ w )...2. 



9kh = kh + -nr\ a kh- b kbh - w (e h + b h )(e k + b k ) H w e h e k 

b z T \ T 

of the involved Finslerian metric tensor and take [i from (5.40) and w 2 /t from (5.41). 
We obtain 

4^in 2 = (g') 2 ^e k e h F 2H + ±r sin 2 gF 2 ^g kh 



T — w{t' — w) 2 ( 2 W 4 \ \( 1 ^ 



+ sin 2 i;/' 2 " ^ ^ — «- 2 ' /,'/, • ^r J < /. )[^) • ( E.l ) 

This representation is obviously equivalent to (5.42). 
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